We provide analytic solutions of the net magnetic field generated by spherical and solenoidal coils enclosed in highly-permeable, coaxial magnetic shields.
Introduction
Our motivation for this work is the development of a proposed experiment to measure the electric dipole moment (EDM) of the neutron at the new ultracold neutron facility at TRIUMF [1, 2] . The observation of a permanent EDM of a particle or system would provide a direct signal of time-reversal symmetry breaking, which in turn could help our understanding of important questions such as physics beyond the standard model or the cosmological matter-antimatter asymmetry [3] . EDM experiments are very challenging, however, especially in regard to their need for magnetic field homogeneity and stability. As a result, the typical approach is to (i) enclose the experiment inside magnetic shielding in order to eliminate external field sources, and (ii) construct internal current structures that generate the desired homogeneous measurement field [3] .
There are a number of well-known surface current distributions F (r) that generate perfectly uniform magnetic fields, most notably the following: (i) F sin θφ on a spherical surface, (ii) Fφ on an infinitely-long cylindrical surface, and (iii) F sin φẑ on an infinitely-long cylindrical surface. A comparison of the magnetic field uniformities of finite-sized, discrete-current approximations of these three surface currents was recently presented [4] . In this work, we consider the effect of a highly-permeable magnetic shield on the field generated by an internal coil structure, a scenario more germane to the typical EDM experiment. In particular, we provide general analytic solutions for the axi-symmetric cases of the spherical and solenoidal coils inside fully enclosed co-axial shields as shown in Fig. 1 . For simplicity, we consider the shields to have very high linear permeability, i.e., µ µ 0 .
The paper is organized as follows. In Sections 2 and 3, formula for the magnetic field of the spherical coil inside a spherical shield and the solenoidal coil inside a cylindrical shield are derived and explored. In Section 4, we discuss how the preceding results can be used to analyze the spherical coil inside a cylindrical shield, a configuration that has been proposed for a neutron EDM experiment [5] . In Section 5, a comparison of magnetic field maps of the three coil types is presented and we find that the solenoidal coil produces the more homogeneous field for a given number of windings. In Section 6, we explore the impact of winding misplacement on the homogeneity of the solenoidal coil.
Finally, appendices are provided to give further details of the derivations and results discussed in the main text. current loops. The field lines -which are contours of ρA φ [6] calculated from the formulae for the vector potential provided here -enter the high-µ shields at normal incidence as expected.
The Spherical coil inside a spherical shield
We begin by considering the general zonal surface current F = F φ (θ)φ on a sphere of radius a. The resulting vector potential is [7] A φ (r,
where P 1 n (u) is the associated Legendre function 1 of order 1 and degree n, u = cos θ, and the coefficients are
General expressions for the magnetic field components B r and B θ resulting from Eq. 1 are found in Ref. [7] and not reproduced here.
To include the response of a spherical shield of linear permeable material with inner radius b ≥ a and outer radius c, one may solve the equivalent problem of bound surface currents on r = b and c subject to the appropriate boundary conditions [8, 9] . For this work, however, we are interested only in high-µ shields (i.e. µ µ 0 ), and as a result one can take advantage of the fact that the magnetic field must enter the shield at normal incidence at r = b − as µ → ∞, regardless the value of c. It suffices, then, to consider here a single bound current on r = b only (effectively letting c → ∞.) In doing so, the problem simplifies greatly and it is straightforward to satisfy the boundary condition B θ (b − ) = 0 for the net field generated by the surface currents on r = a and b. In the end, one finds that the vector potential due to F φ (θ) inside a high-µ spherical shield is independent of the shield thickness and given by
1 In this and previous work [8] , we observe Smythe's definition of P m n (u) -see Eq.(6), §5.23 in Ref. [7] -which does not include the Condon-Shortley phase (−1) m .
In the region of interest, r < a, the components of the magnetic field are
where P n (u) is the Legendre function of degree n and the term in square braces, known as the reaction factor [8, 10] , quantifies the extent to which the n-th term in the field expansion is augmented by the presence of the shield. An important consequence of the reaction factor, discussed further below, is that the homogeneity of the field of a spherical coil may either improve or degrade inside a shield depending on the ratio a/b [8] .
The sine-theta surface current
A surface current of the form F φ (θ) = F sin θ, comprising the n = 1 harmonic only, generates a perfectly homogeneous magnetic field in the region r < a, whether it lies in free space or is surrounded by a spherical shield of any thickness and linear permeability [8] . For the case of a high-µ shield, one finds from Eqs. 2 and 4 that the internal magnetic field is
The corresponding cylindrical components of the field are
where B ρ = B r sin θ + B θ cos θ and B z = B r cos θ − B θ sin θ. These provide a more natural description of the axisymmetric fields encountered here.
The spherical coil
The sine-theta surface current of the preceding section comprises a total current
and can be approximated by N discrete loops, each carrying current δI = 2aF/N and mutually separated by axial distance δz = 2a/N [6] . A suitable scheme for constructing such a spherical coil is to place a current loop at the mid-point of each increment δz [4] . In ascending order along the z-axis, then, the i-th loop is located at z i = −a + δz (i − A discrete loop carrying current I and located at polar angle θ i on r = a can be treated as the surface current F φ (θ) = I a δ(θ − θ i ) in spherical coordinates. The field generated by such a loop in the region r < a is given by Eq. 4 with coefficients [7] C n = − I(2n + 1) 2n(n + 1)
from Eq. 2. The net field of the spherical coil, then, is the sum of contributions from each loop i, with cos θ i = z i /a and sin
where only odd values of n survive by symmetry, and
with dimensionless parameters i = ρ i /a, ζ i = z i /a, and β = b/a. Both the number of loops N and the ratio of the shield to coil radii β have a strong influence on the uniformity of the magnetic field of the spherical coil, as will be shown below. As N → ∞, the summation in Eq. 10 goes to zero for all values of n except n = 1, in which case it equals 2N/3 and one recovers the perfectly uniform internal field of Eq. 5 for a sine-theta surface current with I tot = N I
and F = N I/2a.
Making use of recurrence relations [7] , the cylindrical components of the magnetic field of the spherical coil can be written as
b n r a n−1 sin θ n P n−1 (cos θ)
where = ρ/a and ζ = z/a are dimensionless coordinates, and the polynomials P n and Q n (described further in Appendix A) comprise terms of the form n−1−l ζ l with l = 0, 1, . . . , n − 1. Because the magnetic field is axisymmetric, the same coefficient b n appears in all terms of spatial order n − 1. Dividing
Eqs. 11 and 12 by the value of the uniform field term B z (0, 0) = µ 0 Ib 1 /2a gives
and one can use the normalized coefficients b n /b 1 to characterize and compare the inhomogeneities of different coil configurations over the entire inner region
From Eq. 10, the normalized coefficients are
which separates conveniently into two independent factors: the normalized reaction factor (square braces), which depends on the shield/coil radius ratio β (Fig. 3) ; and the normalized free-space coefficient (round braces), which depends on the number of loops in the coil and falls off as N −2 for large N . The combined effect of these factors is highlighted in Fig. 4 through plots of the normalized field along the z-axis:
These results show that the field homogeneity of the spherical coil improves with N , as expected, and that it is affected by β in a non-trivial way.
Normalized reaction factor
Ratio of coil to shield radii a/b = β For a given N , peak deviations from the central field are smallest for the middle configuration (β −1 = 0.8), while they are largest for the bottom configuration.
The solenoidal coil inside a cylindrical shield
Again, we begin by considering the general azimuthal surface current F = F φ (z)φ on a cylindrical surface of radius a inside a closed cylindrical shield of radius b and half-length L. The resulting vector potential is
where G(ρ, z; a, z ) is the appropriate Green function for the desired boundary condition -magnetic [11] or superconducting [12] . For the high-µ magnetic shield (µ → ∞) considered here, one finds [11] 
and
The subscripts on k e and k o indicate even (e) and odd (o) in reference to the axial symmetry of the corresponding components in Eq. 18.
The resulting magnetic field is
in the region ρ < a, and
in the region a < ρ < b, where T (kξ) = K 1 (kξ) + I 1 (kξ)K 0 (kb)/I 0 (kb) and
One can verify from Eqs. 21 and 22
that B ρ (ρ, ±L) = 0 and B z (b, z) = 0 confirming the fact that the magnetic field must enter the high-µ shield at normal incidence.
The continuous solenoid
A solenoid of half-length l can be modelled as the continuous surface current 
In the limit that the solenoid extends the entire length of the shield (i.e. l = L), C m = 0 for all m ≥ 1 and there remains only the perfectly uniform internal field B 0 = µ 0 Fẑ, which is equivalent to that of the infinitely-long solenoid.
The interpretation, of course, is that due to boundary conditions the end faces of the high-µ shield at z = ±L act as current mirrors making the solenoid appear infinitely long.
Discrete Current Loops
For discrete current sources, we first consider a single loop of current I located at z = z 0 , which constitutes a surface current F φ = Iδ(z − z 0 )φ. The coefficients of the cosine and sine Fourier components become
When the current loop is located at the origin, z 0 = 0 and D m is zero, of course.
Given that we are primarily concerned here with the generation of a uniform internal field, we presently consider only a net surface current F φ (z) that is even in z. As a result, only the C m terms will factor in the following analysis and for notational ease we henceforth use
is the pair of current loops at z = ±z 0 . The surface current here is F φ = Iδ(z − z 0 )φ + Iδ(z + z 0 )φ, and the resulting magnetic field is
in the region a < ρ < b.
The solenoidal coil
We now seek to approximate the uniform surface current of the continuous solenoid with an evenly spaced distribution of N discrete current loops. In particular, we consider the continuous solenoid of half-length l = L, which comprises a total current I tot = 2LF . To exploit the mirroring effect of the end faces of the high-µ shield, the loops are separated by the distance δz = 2L/N with the i-th loop located at
N ), as shown in Fig. 5 . Such coils have been described previously in the literature [16] . 
in the region ρ < a and
in the region a < ρ < b. The sum S N = N i=1 cos(kz i ) reduces to the following simplified form owing to the periodic structure of the coil:
otherwise [17] . Writing Eq. 28 in terms of the solenoid aspect ratio λ = L/a and the shield to solenoid radius ratio β = b/a gives Fig. 6 . The results highlight two important differences with the spherical coil, namely that field variations are periodic over the length of the coil with a period given by N , and that the overall homogeneity of the field increases rapidly with N owing to the behaviour of the factor S N from Eq. 30. A further difference can be seen in Fig. 7 , where the uniformity of the discretized solenoid appears to improve uniformly as β → ∞.
The field uniformity is also affected by the aspect ratio λ of the coil as shown in Fig.8 . In general, as one would expect, the longer the cylindrical shield, the more current loops are needed to achieve a desired field homogeneity. Finally, we note that one can recaste Eq. 28 in terms of the polynomials P n and Q n via Eqs. A.3 and A.4. Normalizing to the central field gives
where in this case
These results provide a potentially more intuitive and direct analytic comparison between the internal magnetic field of the solenoidal coil and that of the spherical coil. A visual comparison of Eq. 15 with Eqs. 35 and 36 also reveals that the reaction factor of the solenoidal is not as apparent as it is for the spherical coil.
It is possible to define such a parameter, however, as shown in Appendix B.
The spherical coil in a closed cylindrical shield
For the sake of completeness, we now consider the spherical coil inside a cylindrical shield [5] . The configuration is shown in Fig. 5 . As discussed previously in Section 2.2, the loops of the spherical coil are located at z i = a(−1 + 2i−1 N ) and have corresponding radii ρ i = a 2 − z 2 i . In this scenario, the net magnetic field is calculated from Eqs. 26 and 27 of Section 3.2 with a replaced by ρ i for each pair of loops in the coil, and keeping in mind that the choice of formula depends on whether the field point ρ is less than or greater than ρ i . Also, if N is odd, one must divide the appropriate formula by a factor 2 for the single loop at z i = 0.
Owing to the broken symmetry here -namely, a spherical current distribution inside a cylindrical magnetic structure -this configuration does not produce a perfectly uniform magnetic field as N → ∞. In this limit, the internal field (r < a) is the superposition of the uniform internal field of the sine-theta surface current distribution plus the response of the cylindrical shield to the external dipole field of the sine-theta surface current distribution. As might be expected, then, the spherical coil in the cylindrical shield is least homogeneous of the three coil types explored in this paper, as shown in the next section.
Comparison of all coil types
With the analysis of Sections 2 to 4 complete, one can now use these results to compare coil designs and search for optimal solutions. Parameter space is large, however, and design constraints are highly dependent on the specific application.
As a result, an exhaustive study of any kind is beyond the scope of this work.
Rather, we provide a simple comparison that highlights above all else that the solenoidal coil in the cylindrical shield can achieve excellent field homogeneity over much larger volumes than the other two coil types.
For this comparison we purposely chose a rather modest number of loops (N = 8), in order to demonstrate that the homogeneity of the solenoidal coil in the cylindrical shield improves rapidly with N . We also chose tight-fitting coils (i.e., b = a and L = a), which is not optimal for any of the three coil types in terms of field homogeneity but can be advantageous in all cases in that it maximizes experimental space. The results are shown in Fig. 9 as contour maps of normalized deviation from the central field defined as
Because of the axial symmetry here, B ρ (0, z) = 0 along the z-axis, and this definition is consistent with the way results are presented in Sections 2 and 3.
Here, one sees that the spherical coil, whether in a spherical shield or a cylindrical shield, has relatively poor homogeneity for so few loops. In contrast, the solenoidal coil in the cylindrical shield has a notably large region of homogeneity, with ∆B(ρ, z) within 1 part per million over 16% of the coil volume. 
Analysis of the impact of winding misplacement
In previous sections, it was assumed that the current loops, or coil windings, were perfectly located relative to one another and the shield as given by the formulae for (ρ i , z i ). This section provides a sample analysis of how departures from these locations impacts the homogeneity of the coil. We focus on the solenoidal coil here since it has the potential to produce the most uniform field among the three coil types. We further choose to explore two specific winding misplacements: a global translation d of all loops along the z-direction, and a global scaling of the coil in the z-direction such that its half-length is no longer that of the shield, i.e. l = L. To include these effects, we generalize the axial location of the loops given in Sec. 3.3 to
, which results in the following Fourier components:
One must use Eqns. 21 and 22 now to calculate the magnetic field generated by the coil.
As an example, we consider the same solenoidal coil of 
Conclusion
Precision EDM experiments require electromagnetic coils that can generate highly homogeneous magnetic fields within a shielded volume. The design of such coils is assisted by analytic models that can serve as theoretical and conceptual guides, as well as benchmarks for finite-element analysis. In this paper, we presented complete solutions for three such models: the spherical coil in a spherical shield, the solenoidal coil in a cylindrical shield, and the spherical coil in the cylindrical shield. The method of solution is readily generalized to any axisymmetric current distribution within a highly-permeable spherical or cylindrical shield. This was used here to explore field inhomogeneities related to winding misplacement. A key finding of this work is that the solenoidal coil in a cylindrical shield can achieve very homogeneous fields over large volumes with even a fairly small number of current loops. This, along with its more practical geometry, makes it the most attractive design of the three explored here.
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Appendix A. The Polynomials P n and Q n Transforming the internal field of the spherical coil (Eq. 9) to cylindrical components results in the following spatially dependent factors that appear in B ρ (Eq. 11) and B z (Eq. 12):
Equations A.1 and A.2 are used to define P n (ρ, z) and Q n (ρ, z) respectively, with cos θ = z/r, sin θ = ρ/r, and r 2 = ρ 2 + z 2 . The first few polynomials are given in Table A .1. Dividing these by a n−1 gives the dimensionless polynomials P n ( , ζ)and Q n ( , ζ) appearing in the main text. Given that the spherical and solenoidal coils are both axisymmetric, it is not surprising that there exists a fairly simple relationship between the polynomials P n (ρ, z) and Q n (ρ, z) and the products of trigonometric and modified Bessel functions that appear in Section 3. For example, using the series expansions of sin(kz) and I 1 (kρ) [17] one finds that Using the methods of Refs. [18, 19] , the vector potential of a continuous solenoid in free-space is
where k is a continuous variable, and ρ < (ρ > ) is the lesser (greater) of a and ρ.
For the discrete current loop at z = z i in free space, the corresponding vector potential is
which agrees with Jackson [20] . The resulting magnetic field is is the free-space coefficient, κ = ka, and ζ i = λ(−1 + 2i−1 N ). From a comparison of Eqs. 33-34 with Eqs. B.6-B.7, the reaction factor for the n th term of the field expansion of the solenoidal coil in a cyindrical shield is (N πb n )/(2λb free n ), which depends on N , β and λ. As N → ∞, the reaction factor for the uniform field term (n = 1) tends to a constant greater than one, while for all higher order terms (n = 3, 5, 7 . . . ) the reaction factor goes to zero. 
